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SUMMARY !fk dud nprcrrntation for mrlli-glum 
mdriz drmentr ti wed to drdy Lhr roJt d cd&new 
limitr of mutti-parton rcatterin#. We propore an am- 
pfitude to exactly due& one set of A&city amp& 
trdrr for two quart - n ghwn rcnttrring. 

A new technique wa8 recently prcpoaed to calculate tree-level 
multi-glum amplitude8 [l,Z]. The basic idea ia to represent the 
matrix element for. glum scattering proceaa in a SU(N) Yang- 
Mills theory in the following f&ion: 

A, = c tr(A,X*...XI)A(l,l ,..., n). 0) 
*...I9 

We will cdl the functions A(l,Z,...,n) rub-ompfifrder. The ma- 
trices A. represent the SU(N) algebra in the fundamental rep- 
sent&ion, and the sum is taken over alI the (?I - l)! non-cyclic 
permutations of the indices 1,2,. . ,n. We will normaIke the A 
matrices so that [X.,X,] = ifiJ.d. and tr(X.h) = 6.~ The 
sub-amplitudes sstiafy many important properties, M pointed out 
in [1,2]: 

A(l,S, . . ..n) is invariant under cydic permutations of 
(1,2 (...) n). 

A(l,2 (...) n)=(-1)“A(n,n-l,..., 1). 

A(1,1, ,n) in gauge invariant, and mtisfiw the following 
identity: c’ A(l, 2,3,. . , n) = 0, where the mm~ is over the 
n - 1 c&k permutatiolu of (2,3,. . . ,n). 

Incoherence to leading order in N: 

c ]MJ’ = N”-‘(N’-1) c {]A(l,Z,...,n)] 
rata. ,..d 

+O(N-‘)}. (2) 

These properties suggest that the nub-amplitudea might be much 
easier to calculate than the full amplitude, and that the multhg 
expressions wiJl be remarkably rimple. That thin is’in fact the 
case SV*M shown in [l,g] througbthe calculation of the 4.5 tid 6 
glum matrix elements. 

In [I] the repreaentstion (1) W&I chaaen because of its c.onnec- 
tion with the dud models, or, more precisely, becarue of the iden- 
tification of the serc-slope limit of the SU(N) open string with 
the SU(N) Yang-M& theory. This analogy suggested that the 
sub-amplitudes (wbicb in this language &c&d then more prop- 
erly be referred to s,a dud amplitudea) satisfy l further property 
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in addition to thone described above. Namely, the fsctorisation 
on tba m-particle pales (PI + pa + + p., = I’): 

A(l,Z,...,n) pk”A(l,l ,..., m,-P)&A(P,m+l,..., n). 

(3) 
This factoriration i a consequence of the general properties of 
string theories, and is expected to hold for m 2 3. When m = 2, 
equation (3) is not well defined. In fact the amplitude for three on- 
shell gluona rtiahes, and the amplitude among off-shell states is 
not well deEned in string theory aa it im formulated today. Then it 
ir not clear what A(l,?, -P) should be if p’ # 0. Furthermore, 
no particular factorization in expected o priori when one of the 
gluona becomea waft. In spite of thin, in reference [1] we nbowed 
explicitly for the 4,s and 6 gluon amplitudea that the factorisation 
hold, not only for the three-&m p&s, but also for the two- 
gluon poles as well UI for the soft gluon emission. In addition, 
by pmpuly regukiring the K&a-Nielsen reprwntation of the 
amplitude when mme of the gluons are off-shell it is pwsible to 
explicitly prove that this factorisstion of the soft and collinear 
aingolaritiea holds for any n [4]: 

A(l,!&...,n) ’ 2” E(n, I,g)A(!4,3,. ..n), (4) 

A(l,Z,...,n) ‘-?’ z $V(l.Z,-P)&A(P,3 ,...I n)(S) 

E(n, 1,g) is the square mot of the eikonal factor: E(n, l+,l) = 
p~((na)/(nl)(l2)). The mpcmcript + repreaentn the helicity of 
the glum, while the lJmbo1 (ij) is defined in [3,1,1] and mtisfiea 
](ii)]’ = a;j. For a aoft gbxm with negative helicity the ver- 
tu i. obtained by L&ng the complex conjugate of E(n,l+,Z). 
V&2, P) i. the otl-ahell three-glnon rertex u derived from the 
Feynma,, r&n (up to the color factor), and the - in (5) refera 
to the two physical helicitir of the intermediate gInon. When the 
gluolu 1 and g baome collinear V reducea to: 

-ifig -i&gz’(lg) 
vo~,1-,P~) = -’ w+*2-#p+)= m 

161 . , 
The gluon polezisation rectors have been chosen following the 
prescription developed by Xu rt.d. in [3]. s ia the momentum 
fraction of Juon 1: pi = rP, p2 ~= (1 - x)P. The gluons 1 
and 2 are incoming, while the gluon with momentum P in ontg- 
ing. The vertex V for the other possible belidty configurations 
can be obtained dy cmnplu conjugation and permutations of (6). 
Equstionn (4),(5) am very important, because they allow one to 
approximate multi-glaon amplitudea when some of the gluona are 
either soft or caUinear. The exact knowledge of the six-glum am- 
plitude allows for instance 8 very good approximation of the % or 
(I-gluon matrix element when one or two gluona are soft compared 
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to the others. Furthermom, by iterating equation (4) and squar- exact even for I > 6. For 1) > 6, though it does not describe the 
kg the nmlthg amplitude one e&y recovers the well knmm fullproce~ (19, (n-9)9), beu UM dlffarent hdlcity consgumtiom 
apdon [S,S]: am praent. It dght well be, neverthelsu, that the contribution 

l ~Il/Ael’ - N”-‘(N’-1) c ‘“:,:;:;t;:;m~ ‘:a 

from thb hdicity colon wUl dominate the full (29, (n-2)g) 
+qN-‘).croa mtion, in the - w.y in which the Parke and Taylor ex- 

a ,. ,....’ ption for (g-, g-, g+, . . .), equation (T), dominates the n-&m 
(7, moccu. In thh NW rer~ fat nnmarical pm- ml&t describe 

The advantage of tbia appmach is the possibility to calculate ih; 
subleading t- in equation (7). In ref.171 it wan noticed that 
equation (7), multiplied by a proper weight, actudb account8 
for more than 90% of the crws section for the six-glum pmces~ 
in at lea& 60% of the generated events. In the same paper the 
conjecture was made that equation (7) repruecnts an even better 
approximation to the n&on cm88 nction for n > 6. Iterat- 
ing equation (5) we get an approximated amplitude that after 
squaring haa the mme hucture u equation (7), but alm con- 
tains the gluon-fusion functiona [S] corresponding to the collinear 
emissiona. We believe that the inclusion of these contributions 
(paying proper attention to not double counting some regiona of 
phase #pace!) may further improve the eatimatn presented in 171, 
without increasing the complexity of the numerical calculation. 

As a further example of the power of the representation in 
terma of dual amplitudes, let IM derive the matrix element for the 
collinear emission of a quark-antiquark pair. Let na 5at substi- 
tute equation (5) into equation (1). It is eaay to obtain: 

_ 
with good accuracy the do mlnant processes raponnible for multi- 
jet phenomena [ll]. To the leading order in N. the square of (10) 
mxamed over the colon and over the relevant helicity conSgum- 
tionn is 

The mm on the right hand side is over all the permutations of 
(3,. , n) and no average factor hsr been introduced. 
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